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best estimates of these parameters can be obtained from a 
formalized method which correctly treats the statistical be- 
havior of the errors associated with all experimental ob- 
servations. 

It is usually assumed that there are two types of mea- 
surement errors: systematic and random. The former are 
due to an inherent bias in the measurement procedure re- 
sulting in a consistent deviation of the observable from its 
true value. Usually, an experimenter's skill and experience 
provide the only means of consistently detecting and avoid- 
ing systematic errors. Random or statistical errors are as- 
sumed to be the result of a large number of small disturb- 
ances. Such errors have been found to be distributed ac- 
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cording to simple laws that make it possible to treat them 
with statistical methods. Here, only the effect of these ran- 
dom errors on the parameter estimation process is consid- 
ered. A major consequence of these random errors is the 
corresponding presence of errors or uncertainties in the esti- 
mated parameters. Because of these errors in the data, and 
also because of inaccuracies in the model, it is not possible 
for a model to represent the experimental data exactly. 
However, a method of parameter estimation which cor- 
rectly utilizes all the pertinent information available will 
give a best fit of the model to the data and minimize the 
parameter uncertainty. This includes taking into account 
the nature and magnitude of the random errors in all the 
observables. Such a method will give not only the parame- 
ters but also provide estimates of their uncertainties. 

Parameter estimation methods are well established for 
treating data where the model employed is linear in the 
unknown parameters (Draper and Smith, 1966; Daniel 
and Wood, 1971). In this case, the least-squares criterion 
is stated as: the best estimates of the parameters are those 
which minimize the weighted sum of the squared devia- 
tions of the observed values from their calculated values.” 
This same criterion is also utilized, in principle, when the 
model is nonlinear in its parameters. A discussion of 
weighted least squares as applied to nonlinear equations is 
given by Clifford (1973). The least-squares method distin- 
guishes between two types of variables: the independent 
variables, or factors, and the dependent variables, or re- 
sponses. A basic assumption of the least-squares criterion 
is that the values of the independent variables are known 
without error. This assumption fails to account for the 
statistical properties of the independent variables, arbitrar- 
ily assigning to them a zero standard deviation; therefore, 
it does not utilize all available information in estimating 
the parameters. 

Demming (1943) formulated the general problem of 
parameter estimation in models, taking into account the 
error in all measured variables. An exact solution satisfying 
his criteria for parameter estimation was nearly impossible 
at the time; thus he was primarily concerned with making 
simple adjustments which would give fairly accurate esti- 
mates of the desired parameters. Exact solutions satisfying 

his criteria have since been proposed by a number of au- 
thors (York, 1966; Williamson, 1968; Southwell, 1969; 
ONeil et al., 1969); however, these methods were con- 
cerned only with fitting data by straight lines or polynomi- 
als. More recently, Powell and McDonald (1972) and Britt 
and Luecke (1973) have given algorithms for parameter 
estimation that take all measurement errors into account. 
Their methods are completely general in that they do not 
distinguish between dependent and independent variables; 
however, in order to converge they do require good initial 
estimates of the parameters. Fabries and Renon (1975) and 
Pgneloux et al. (1976) have presented related methods. 
With the exception of these two latter methods, the algo- 
rithms are not sufficiently general to treat problems in 
which the measured variables are related by more than a 
single equation or constraint. The number of simultaneous 
constraints that apply is directly related to the number of 
simultaneous properties measured and the number of prop- 
erties needed to specify the system. For example, in fitting 
binary vapor-liquid equilibrium data, four properties are 
often measured: pressure, temperature, and both phase 
compositions. Only two of these properties are needed to 
specify the system, and thus two constraints or relations 
are required if all experimental data is to be properly util- 
ized. Fabries and Renon dijcuss the use of two constraints 
in representing vapor-liquid equilibrium data; however, 
their maximum likelihood estimate is based on estimated 
variances of the variables rather than estimated true val- 
ues for each measurement. Southwell (1976) recently pre- 
sented a discussion of generalized least-squares parameter 
estimation methods for nonlinear functions that examines 
many of the problems involved in these methods. 

The present work concerns a parameter estimation pro- 
cedure based on the maximum likelihood principle; in this 
respect it is similar to that of Britt and Luecke. However, 
the procedure is applicable to cases in which there are two 
constraining equations relating the measured variables (the 
case of a single constraint equation is then just a special 
case of the two constraint method). The present method 
has the additional advantage of being easily fitted with a 
step-limiting procedure that assures superior convergence 
behavior. 

CONCLUSIONS AND SIGNIFICANCE 

The parameter estimation algorithm we have developed, 
based on the maximum likelihood principle, converges 
rapidly for almost any initial estimates of the parameters. 
The rapid convergence is due in part to the similarity to 
a Gauss-Newton iteration method and in part to the suc- 
cessful application of a step-limiting procedure like that 
of Law and Bailey (1963). 

In addition to the best estimates for the parameters, the 
procedure yields information useful in analysis of both 
the model and the data. Part of this additional informa- 
tion is obtained in the form of the variance-covariance 
matrix of the estimated parameters. This matrix gives an 
estimate of the uncertainties in the estimated parameters, 
which may be used to determine the significance of the pa- 
rameters or to estimate uncertainties in properties calcu- 
lated using the parameters. Such information is important 
to the engineer in determining the most appropriate model 
to be used in design calculations and estimating the un- 
certainties in these calculations. 

Additional information is obtained in the form of esti- 
mates OF the true values of all measured variables. The de- , 
viations of the measured variables from the estimates of 
these true values are called residuals. These are useful for 
comparison of different models, detection of obviously bad 
data points, and discrimination between systematic error 
and lack of fit of the model employed. Even when data are 
scarce, examination of residuals obtained in the param- 
eter estimation process, plotted vs. other system variables, 
can help determine how well the model represents the 
data. The interpretation and use of this additional informa- 
tion derived from vapor-liquid equilibrium data reduction 
has been discussed by Fabries and Renon (1975) and An- 
derson et al. (1976). 

The maximum likelihood principle provides a powerful 
and versatile criterion for estimation of model parameters 
from experimental data. The method is based on known 
statistical assumptions and allows application of straight- 
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forward statistical tests in evaluation of the results of the 
parameter estimation process. The criterion is generally 
applicable to a wide variety of data reduction tasks. Here, 

by way of illustration, it has been applied to estimate the 
van Laar parameters for the acetone/methanol system from 
published data containing significant random error. 

THEORETICAL DEVELOPMENT 

The problem considered here is that of estimation of pa- 
rameters in nonlinear models from experimental data where 
the number of data points exceeds the number of parame- 
ters to be estimated. This is a common situation and arises 
in almost every field of science and engineering. 

Typically, data are obtained for a set of N experiments 
or observations. For each experiment i, there are M mea- 
sured variables, denoted by the vector xirn. These measured 
variables are subject to random error. If each experiment 
were replicated, the average values of the measured vari- 
ables should approach some true values xi, and the mea- 
sured values would be distributed in some manner about 
these true values, I t  is assumed that there are two equa- 
tions (from now on referred to as constraints) which re- 
late the true values corresponding to the measured vari- 
ables at each observation and which include the parame- 
ters being estimated. These constraints can be written as 

F(xi, 6) = 0 ( la )  

where B is a vector of L undetermined parameters. XI is 
also unknown, since it represents the error free values of 
the observed variables for one experiment. These values 
for all N experiments can be combined in a single vector X 
of length N M .  Because the number of constraint equa- 
tions 2N exceeds the number of parameters L, the equa- 
tions cannot be satisfied in general for the measured vari- 
able values XSn. Rather, the true values X satisiying Equa- 
tion (1), together with the parameters, must be selected 
to satisly some optiniality criterion. The criterion used here 
is based on the maximum likelihood principle. 

Maximum Likelihood Principle 
The use of the maximum likelihood method as a parame- 

ter estimator is not new. Its general form was introduced 
by Fisher (1922). A more conventional application to re- 
gression analysis is discussed in many texts, for example, 
Kreyszig (19 l o ) ,  and a detailed analysis of its qualities is 
given by Cr6mer (1961). Bard and Lapidus (1968) have 
thoroughly discussed its application to model identirication 
and parameter determination for kinetic data. However, in 
these applications it has been assumed that only the vari- 
ables designated as dependent are subject to error. 

In effect, the maxmum likelihood principle states that 
the parameters should be so chosen as to make the ex- 
perimental observations appear to be most likely when 
taken as a whole. Application of the method requires that 
a form be specified lor the probability density function of 
the variables. It is known that the distribution of a mea- 
sured variable about its true values is usually closely ap- 
proximated by the normal distribution. For a normal distri- 
bution the corresponding multivariate joint probability 
density function (Morrison, 1967) is given by 

1 r i  

The function Qi gives the probability of obtaining the ob- 
servations xim given the true values xi for experiment i. 
Here, pi is the M x M variance-covariance matrix of the 
measured variables. The off-diagonal elements of Pi rep- 
resent the covariances between the different measured 
variables. Almost always these can be assumed to be 
zero. (This will not be true if there is any coupling be- 
tween the measurement methods, for example, measure- 
ments of overlapping peaks on a chromatogram.) The so- 
lution technique used here requires that they be zero, in 
which case Pi becomes a diagonal matrix whose elements 
are variances of the variables, It is necessary that these 
variances be known or estimated. Ideally, they are ob- 
tained from replicated experiments, but they may be 
estimated from experience or from knowledge of a par- 
ticular type of experimental apparatus. 

If it is assumed that the experiments are independent, 
the likelihood function can be formulated as the product 
of the joint probability density functions of the N experi- 
ments: 

N 

G, the likelihood function, is the probability of observing 
the whole set of measurements Xm. For a given set of N 
observations, the value of the likelihood function depends, 
of course, on the true values of the measured variables X. 
Since these true values must satisfy the constraints (l),  
the value is also dependent on the model parameters. The 
basic assumption of the maximum likelihood principle 
states that the set of measurements which have been 
obtained is the most likely set. Therefore, the best esti- 
mates of the parameters and the true values of the mea- 
sured variables are those which maximize the likelihood 
function subject to the model constraints. 

A solution is more conveniently obtained for In G ( a  
maximum of In G corresponds to a maximum of G). Tak- 
ing the natural logarithm of Equation ( 3 )  and substituting 
into it the density functions (2) ,  one obtains 

xi> (4) 
l N  

2 i=l 

- - 2 (Xi” - Xi)T pj-’(xp - 

Inspection of Equation (4) shows that maximizing In G will 
be equivalent to minimizing 

N 

t )  P i - ’ ( X i m  - xi) ( 5 )  s = 4 c (Xim - x. T 
i=l  

subject to the constraints given by Equation (1). 

Constraint Linearization 
The usual method of accomplishing this minimization, 

where the variables are connected by one or more con- 
straints, is to use a procedure which introduces extraneous 
parameters, known as Lagrange multipliers. An explana- 
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tion of this technique is given by Widder (1961). The 
introduction of the extraneous parameters allows the func- 
tion to be minimized by equating partial derivatives to 
zero regardless of which variables are considered inde- 
pendent. However, the relations obtained after taking 
the partial derivatives still represent a large system of non- 
linear equations, which must be solved iteratively. This 
is the method used by Britt and Luecke. Unfortunately, 
this method requires good initial estimates of the param- 
eters, is not easily adapted with a step-limiting procedure, 
and has only been described adequately for the single 
constraint case. 

The procedure used here (similar to that used by 
Abrams, 1974) linearizes the constraint equations ap- 
plicable to the system at estimates of the parameters 
and of the true values for the variables before their sub- 
stitution into the minimization function. Then the condi- 
tions for a minimum are applied, and the equations are 
solved for new estimates of the variables and parameters. 
This procedure is repeated until convergence is achieved. 

The constraints (1) are first solved, in principle, for 
two of the system variables in terms of the remaining 
variables: 

Y = f ( x ,  e) (6a) 

z = g(% 8) t 6b) 

Y and Z are N vectors that are the true values of two of 
the measured variables; they can be considered to be de- 
pendent variables. X now becomes an N K  vector of the 
true values of what can be considered to be the indepen- 
dent variables, where K is equal to the number of these 
independent variables (two less than M ) .  Every set of K 
elements of X forms a vector xi of these independent vari- 
ables corresponding to experiment i. 

The function to be minimized ( 5 )  is now rewritten in 
terms of the newly defined dependent and independent 
variables. The assumption that the errors in the measured 
variables are uncorrelated, that is, that the Pls are di- 
agonal, allows us to write 

s = (X  - Xm)Th(X - x m )  
+ ( Y  - Ym)Ty(Y - Y") + ( Z  - Zm)TG(Z - Zm)  ( 7 )  

where the superscript m again signifies the experimen- 
tally measured value. X is an N K  x N K  diagonal matrix 
whose elements are the reciprocals of the variances o x 2  in 
the variables X. y and G are N x N diagonal matrices 
whose elements are the reciprocals of the variances a y 2  

and o Z 2  in the variables Y and 2, respectively. 
By elimination of Y and Z with the constraint Equa- 

tions (6), S can be written as a function of only X and 
6.  Necessdry conditions for S to be a minimum require 
that 

as 
ax 
as 
ae 

- = o  

- = o  

Before applying these conditions, we first linearize the con- 
straint Equations (6) by a first-order Taylor's series ex- 
pansion about the most recent estimates of the parameters 
and of the true values of the independent variables. 
Equations (6)  become 

and 
Y = f ( x ,  e )  = fr + f x ( x  - x') + f e ( 8  - or)  (9)  

z = g(x ,  e) gr + g x ( x  - x r )  + ge(b - eq 
(10) 
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The functions f' and g' are equivalent to f(Xr, Or) and 
g(X', O r ) ,  respectively, where the superscript r refers to 
the previous iteration number in the procedure (which 
yielded the values X' and 6'). fx and gx are sparse, N x 
N K  Jacobian partial derivative matrices of the two con- 
straint functions taken with respect to the independent 
variables. fe and go are the Jacobian partial derivative 
matrices of the two constraint functions taken with respect 
to the parameters; each is an N x L matrix. All the Jaco- 
bian matrices are evaluated at the point (X', 0') and can 
be evaluated either analytically or numerically. 

The linearized equations for the constraints, (9) and 
( l o ) ,  can be substituted into Equation (7) ; in the result- 
ing expression the only unknowns are the parameters and 
the true values of the independent variables. 

s = (X - Xm)TX(X - xm) 
+ [fr - Ym + fxr(X - X') + fe'(B - W ) I T  

y[fr - Ym +fxr(X - Xr) + fer(e - er)l 
+ [g' - Zm + gxr(X - X') + ger(B - er ) lT  
argr - z m  + gx'(x - x') + geqe - e q  (11) 

When the conditions (8) for a minimum of S are ap- 
plied to Equation (ll), two matrix equations are ob- 
tained: 

X(X'+' - x m  ) + fxTy[f' - Ym + fX(X++1 - X' 1 

+ ge(Qr+1  - Br 11 = o  (12) 

feTy[f' - Ym + fX(Xf+l - X' ) + fe(8++' - 8' 11 

+ ge(Qr+l - Or ) I  = o  (13) 

+ fe(8++1 - e q  + gxTqgr - z m  + g x ( x r + l -  xq 

and 

+ geTG[gr - Zm + gX(Xr+l - X' ) 

These represent a system of N K  + L linear equations. The 
superscript r + 1 is used to designate the new estimates 
of parameters and of true values of the independent vari- 
ables to be determined. In application of this procedure, 
we first solve for (Xrfl - X') in Equation (12). This 
expression is substituted into Equation ( 13), which al- 
lows a unique solution for ( B r + l  - e'). The necessary in- 
termediate steps are given in Appendix A. The calcula- 
tions can be summarized as 

Ae = e r + l -  01 = 
- [T - RTD-'R]-' [U - RTD-'Q] (14) 

(15) 
and 

where 
A X  = X'+l -X' = - D-'[Q + R A e ]  

D = X + fxTyfx + gxTG@ (16a) 

U = feTyAYm + geTGAZm ( 1 6 4  

( 17a) 

(17b) 

(17c) 

Q = LAX" + fXTyAYm + gxT8AZm 

AX" = X' - Xm 

A Y m  = Y' - Ym 
AZm = Z' - Zm 

Appendix B gives the derivation of the set of equations 
similar to Equations (14) and (15) for the one constraint 
case. 

(16e) 
and 
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IMPLEMENTATION 

Equations (14) and (15) constitute the basis for the 
algorithm used to determine the maximum likelihood esti- 
mates of the parameters. With the estimates Xr and B‘, 
the functions f+ and gr and the Jacobian partial derivative 
matrices fx, gx, fe, and ge can be evaluated. These quanti- 
ties are used in Equation ( 14 )to calculate A0, and then 
with A0 in Equation (15) to give AX. From these values, 
new values Xrtl and are directly determined. This 
procedure is repeated until convergence is achieved. 

Computationally, the algorithm poses no serious prob- 
lems. However, considerable matrix manipulation, includ- 
ing the inversion of the N K  x N K  matrix D, is required. 
This is facilitated by the fact that D is a symmetric block- 
diagonal matrix. The individual submatrices have dimen- 
sions K x K and are easily inverted individually by any 
of a number of efficient symmetric matrix inversion pro- 
cedures. 

The convergence properties of this parameter estimator 
are similar to those of the standard Newton methods. 
When good estimates of the parameters and true values of 
the measured variables are used, convergence is very 
rapid. However, with poor initial estimates, convergence 
can be very slow or may not occur. Satisfactory initial esti- 
mates for the true values of the measured variables are 
the corresponding measured values Xm. Good initial esti- 
mates for the parameters are more difficult to obtain. In 
fact, such estimates rely heavily on previous experience, 
judgment, and chance. A means of insuring convergence 
for almost any initial estimate of the parameters is re- 
quired. Quite often, for a Newton iteration method, 
changes made in the magnitude of a correction (step 
length) for a given direction of correction (gradient), ac- 
cording to some criterion, will improve convergence. 
Such a procedure is often called step-limiting. 

One such step-limiting method is described by Law 
and Bailey (1963). Their method applied here leads to 
convergence with almost any initial parameter estimates. 
This procedure always chooses the sign of the corrections 
in A0 and AX so that locally the linearized sum of the 
squared deviations decreases. The magnitudes of the cor- 
rections, A6 and AX, are decreased until the new sum 
of the squared deviations S is less than the previous value. 
Finally, the magnitude of the corrections are further de- 
creased if it appears that their direction is normal to a 
valley in the criterion surface. 

in terms of the remaining variables and parameters, in 
fact, no such explicit form is required in the implementa- 
tion. The procedure we have developed cannot treat non- 
zero covariances in its present implementation; this is not 
a particularly restrictive limitation because, in the major- 
ity of cases, these covariances are either zero or cannot 
be estimated in any reasonable manner. Finally, the pres- 
ent method is readily modified with common step-limiting 
procedures, giving it superior convergence properties to 
that of Britt and Luecke. 

The algorithm proposed by Powell and MacDonald is 
somewhat different in nature. It is of the Newton-Raphson 
type and hence requires the calculation of the second 
derivatives of the criterion function. Their method is also 
only derived for a single constraint, and as with the 
algorithm of Britt and Luecke, is not easily modified for use 
with a step-limiting procedure. Thus, their algorithm has 
convergence problems unless initial parameter estimates 
are quite good. To overcome this problem, they, too, use 
Demming’s method to obtain starting estimates for their 
algorithms. 

More recently, Fabries and Renon (1975) have devel- 
oped a method for estimation of parameters in equations 
representing vapor-liquid equilibrium data, together with 
an implementing algorithm (Renon, 1977). However, 
their method is not directly based on the satisfaction of 
Demming’s criteria. As stated by Britt and Luecke (1973) 
and Southwell ( 1976), simultaneous convergence on both 
the parameters and true values of the measured variables 
are necessary to satisfy these criteria. Instead, Fabries and 
Renon first determine the optimum parameters and the 
variances of the measured variables by minimizing a re- 
sidual function based on the difference between the cal- 
culated and measured activity coefficients. Once the pa- 
rameters and variances are estimated, they then calculate 
estimates of the true values of the measured variables at 
each experiment by minimization of residuals for each 
experiment separately. The method of PCneloux et al. 
(1976) has a similar basis and a somewhat more general 
formulation. 

ERROR ANALYSIS 

One of the important reasons for fitting model equations 
to experimental data is to obtain a representation that 
can be used confidently for predictions. The confidence 
we can place in the predictions depends on the confidence 
we can place in the data and in the model. Therefore, the 
method of estimation of parameters should also provide 
measures of reliability for the predictions. This problem 
is closely related to that of estimation of uncertainties in 
the measured variables. 

As mentioned earlier, estimates of the variances of each 
of the observed variables are required. Because of the 
nature of the maximum likelihood estimation procedure, 
the absolute values of the variances need not be known; 
instead, only relative values need be assigned. These are 
often called weights. The weights corresponding to the 
variables X, Y, and Z are 

02 
ux2 

wx=-  ( 18a) 

COMPARISON WITH OTHER METHODS 

We mentioned earlier that several authors have previ- 
ously described other approaches to estimation of param- 
eters in nonlinear models while satisfying Demming’s cri- 
teria. The algorithm proposed here is similar in many 
ways to that of Britt and Luecke (1973). Both methods 
are based on the maximum likelihood principle, and both 
use a Gauss-Newton type of iteratiion. Britt and Luecke’s 
method could be considered more general in that it can 
be applied to situations where covariances between the 
measured variables are nonzero, if they are known. Their 
algorithm is restrictive in that it is only derived for the case 
of a single constraint. Britt and Luecke have also pointed 
out that their algorithm is not easily modified for use with 
a step limiting procedure. Hence, they require very good 
initial estimates of the parameters to insure convergence; 
these estimates are obtained by using Demming’s method 
as a starting point for their algorithm. 

The method proposed here can be used when there are 
two constraints as well as for a single constraint. Although 
the approach, in its derivation, represented two variables 

where the common constant G is called the variance of 
the observables of unit weight. The estimated parameters 
are independent of the value of 2 and are determined 
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without its knowledge. However, for an error analysis, it 
is necessary that u2 be evaluated. As discussed by Dem- 
ming (1943), the sum of the weighted squared devia- 
tions S, defined by Equation (7), divided by 02 has 
a x2 distribution with Y = N - L degrees of freedom: 

S 
X2 = - 

l? 

Since the mean, or expected value, of x2 is equal to the 
number of degrees of freedom, the value of u2 may be 
estimated from Equation (19a) 

C 

The quantity s2 calculated with Equation (19b) is use- 
ful in itself. For example, if two different models are used 
with a given set of data, most probably two different val- 
ues, sl2 and sz2, will be obtained for this variance. If it is 
found that sz2 is Iess than s12, then the second model pro- 
vides a somewhat better representation of the data. 
Whether the difference in representation is statistically 
significant must be determined. To test the hypothesis 
(r12 = uZ2 (that the models are equivalent in their repre- 
sentation of the data), we calculate the ratio 

which will be distributed as the F distribution (Brownlee, 
1965), assuming errors due to lack of fit are normally dis- 
tributed. At the significance level a, the value can be 
compared to tabulated Fa12(v ,  p )  (Y and p are the de- 
grees of freedom for the two models). If F is greater than 
F n / 2  ( Y, p), we reject the null hypothesis, concluding that 
the second model is better than the first. In a similar man- 
ner with several sets of data and a single model, we can 
determine if one set of data is significantly better repre- 
sented by the model than another. These and other tests 
are discussed by Crow et al. (1960) and Brownlee (1965). 

Parameter Varionce-Covariance Matrix 
The variance estimated by Equation (19b) is further 

useful in estimation of the errors in the calculated param- 
eters. Britt and Luecke (1973) have shown, for one 
constraint, how the variance-covariance matrix E of the 
parameters can be estimated. In a similar manner, it can 
be shown that E for two constraints is given by 

E = 8 (T - RTD-'R) (21) 

The matrix inversion indicated in Equation (21) has al- 
ready been accomplished in the parameter estimation 
process [evaluation of A0 in Equation (14)], and the 
final inverted matrix is retained for this determination. The 
sum of the weighted squared deviations S is also calcu- 
lated at each iteration and is available after convergence 
is achieved; this is used to calculate s2 with Equation 
(19b). 

Subject to the linear approximations that have been 
made, the diagonal elements of this matrix represent the 
variances of the corresponding parameters. The square 
roots of these variances are estimates of the standard 
errors in the parameters and, in effect, are a measure 
of the uncertainties in the estimated parameters. They $an 
be used to test the significance of any of the parameters. 
For example, if Soi is the estimated standard error in Oi, 

we can test the hypothesis that B i  is zero. We calculate 

This is compared with the value ta/2,v ,  determined from a 
tabulated Student t distribution, for the appropriate num- 
ber of degrees of freedom and at the desired level of sig- 
nificance. If \ti/ exceeds ta,,2,,,, we can reject the hypothesis 
(concluding that the particular parameter is significantly 
different from zero). 

The off-diagonal elements of the variance-covariance 
matrix represent the covariances between parameters. 
These allow us to calculate the corresponding correlation 
coefficients. When parameters are completely independent, 
their correlation coefficient is zero. As parameters become 
more correlated, the correlation coefficient approaches a 
value of 1. With highly correlated parameters, it becomes 
very difficult to determine them uniquely. In such a case, 
where the parameters are strongly related, a single param- 
eter, which is some combination of the two, could repre- 
sent the data just as well. 

Finally, the variance-covariance matrix can be used to 
calculate the uncertainty in any property that is a function 
of the estimated parameters. If H ( 0 )  is a property we 
wish to calculate, the variance in this property Uh2 is given 

a h 2  heT E he (23) 
by 

where he is an L vector of the partial derivatives of h(B) 
with respect to the parameters 0. Such a relation provides 
a direct means for determination of the expected errors in 
predictions made with the fitted model. 

Residual Analysis 
In the procedure developed here, the use of all ob- 

served data yields best estimates for the parameters and, 
at the same time, provides estimates of the true values of 
all measured variables. These estimated true values can 
be used to determine the residuals, that is, their differ- 
ences from the corresponding experimentally measured 
values. The results of a statistical analysis of these residu- 
als can indicate how well the model represents the data 
and how precise the data is. 

If, however, there are only a few data points, as is often 
the case with engineering data, then mere examination of 
the residuals for trends, when plotted vs. other system 
variables, may provide valuable information. Quite often 
these plots can indicate at a glance excessive experimen- 
tal error, systematic error, or lack of fit. Data points which 
are obviously bad can also be readily detected. 

The maximum likelihood method for estimation of pa- 
rameters can provide a wealth of information useful in 
assessing the model and the data. This information is 
available with little or no additional effort once the pa- 
rameters have been estimated. 

VAPOR-LIQUID EQUILIBRIUM DATA REDUCTION 

Prediction of vapor-liquid phase equilibrium is an im- 
portant aspect in the design and successful operation of 
many separation processes. Such predictions often utilize 
a semiempirical model with several adjustable parame- 
ters to represent liquid phase thermodynamics. Estimates 
of the model parameters are obtained from binary vapor- 
liquid equilibrium data. 

For binary vapor-liquid equilibrium, the measured 
properties are pressure P ,  temperature T, liquid phase 
mole fraction X, and vapor phase mole fraction y. At equi- 
librium, the fugacity of each component in the vapor 
phase is equal to its corresponding fugacity in the liquid 
phase; this requirement yields the thermodynamic rela- 
tions (Prausnitz, 1969) 
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(24a) and (24b) for yi, again using Equations (27) and 

1 
(24b) (28): 

The use of a zero pressure reference state is for conveni- 
ence and follows the conventions used by Prausnitz et al. 
(1967). The exponential term corrects the activity coeffi- 
cient from zero pressure to the system pressure (this cor- 
rection is often quite small). 

The activity coefficients in liquid mixtures can be cal- 
culated from a model which represents the excess Gibbs 
energv 

and 

(26) -- gE - f ( s T , Q )  
RT 

Equation (26) indicates that the excess Gibbs energy is 
a function of composition, temperature, and some unknown 
parameters. By Equation (27) the activity coefficients will 
be a function of the same variables, including the un- 
known parameters. I t  is these parameters that we want to 
estimate from binary vapor-liquid equilibrium data. 

Constraint Equations 

According to the Gibbs phase rule for a two-phase 
binary system, two variables must be specified to describe 
the system completely. This implies that two of the 
measured variables obtained from vapor-liquid equilibrium 
data can be considered independent; the remaining two 
variables can then be considered dependent. The desired 
constraints are just the functional relations between these 
variables given by Equations (24) through ( 2 6 ) .  Any two 
of the measured properties may be chosen as independent 
variables, but, for convenience, x and T have been chosen 
here as the independent variables. We let 

utilize the relation 

and solve Equations (24a)  and (24b) for the total pres- 
sure. The desired equation is 

y1 + y2 = 1 (28) 

(29) 
xlYlflO XZYZfZO p = -  +- 

$1 4 2  

The other constraint is obtained by solving Equations 

Since $i is only a weak function of yl and P, Equations 
(29) and (30) represent constraints which allow us to 
calculate P and yl as functions of x and T. 

Two cases can be treated. First, when all four variables 
P, T, x, and y are measured, both constraints are used in 
the maximum likelihood estimation of the parameters. 
Second, when only P ,  T, and x are measured, Equation 
(29) is used as the only constraint; the maximum likeli- 
hood estimates for the parameters are determined by 
using the simplified equations in Appendix B for the single 
constraint case. Barker's method of data reduction 
(Barker, 1953) also utilizes the total pressure Equation 
(29).  However, in this application it is assumed that the 
measured values of x and T are known without error. 
This method is often used when vapor compositions have 
been measured, and yet these measurements do not enter 
into the parameter estimation process. This is not the case 
when we use the maximum likelihood method described 
here. All the pertinent data are used to determine the best 
estimates of the model parameters. 

Application to Parameter Evaluation 

Analysis of the isobaric data of Othmer (1928) for the 
system acetone/methanol illustrates the application of the 
algorithm for analysis of vapor-liquid equilibrium data. 
For the illustration, the van Laar equation is used to ex- 
press the excess Gibbs energy of the liquid phase, al- 
though better thermodynamic models are available 
(Abrams and Prausnitz, 1975). The activity coefficients 

TABLE 1. VAPOR-LIQUID EQUILIBRIUM DATA REDUCTION FOR 

Calculated parameters for van Laar equation 

ACETONE( l)-METHANOL( 2)  SYSTEM ( OTHMER, 1928) 

A12 = 0.85749 
A21 = 0.68083 

Covariance matrix 

[ -::0":;;3" Q.00187 ] 
Correlation coefficient matrix 

- 0.00213 

- 0.678 
1.000 1 

TABLE 2. MEASWD VARIABLES AND ESTIMATES OF THEIR TRUE VALUES FOR 
ACETONE( ~)/METHANOL( 2 )  SYSTEM ( OTHMER, 1928) 

Pressure, mm Hg Temperature, "C Liquid composition, x i  Vapor composition, y1 

Meas Calc Dev Meas Calc Dev Meas Calc Dev Meas Calc Dev 

1 755.00 753.85 
2 755.00 754.88 
3 755.00 754.99 
4 755.00 754.73 
5 755.00 755.73 
6 755.00 755.71 
7 755.00 754.64 
8 755.00 755.00 
9 755.00 754.65 

Standard deviations 

Dev = Meas - Calc 

1.15 61.90 62.22 
0.12 58.30 58.32 
0.01 56.80 56.79 
0.27 55.60 55.67 

-0.73 55.40 55.20 
-0.71 54.90 54.70 

0.36 54.70 54.79 

0.35 55.20 55.28 

0.58 

-0.00 55.00 55.00 

-0.32 
- 0.02 

0.01 
- 0.07 

0.20 
0.20 

- 0.09 
0.00 

- 0.08 

0.16 

0.05530 
0.20460 
0.31270 
0.44050 
0.52830 
0.70710 
0.83080 
0.87830 
0.92640 

0.05996 
0.20779 
0.31623 
0.44131 
0.52918 
0.71017 
0.83040 
0.87963 
0.93046 

-0.00466 
-0.00319 

- 0.00081 
-0.00088 
-0.00307 

0.00040 

- 0.00406 

0.00300 

-0.00353 

-0.00133 

0.14420 
0.37220 
0.47370 
0.54310 
0.60480 
0.73350 
0.81240 
0.86540 
0.92980 

0.15024 
0.36056 
0.45428 
0.53989 
0.59529 
0.71615 
0.81341 
0.86006 
0.91399 

-0.00604 
0.01164 
0.01942 
0.00321 
0.00951 
0.01735 

-0.00101 
0.00534 
0.01581 

0.01240 
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Fig. 2. Confidence ellipses for van Laar porameters. Acetone(l)/ 
methanol(2) system at 755 mm Hg (Othmer, 1928). 

are calculated as a function of composition by 

Equations (31a) and (31b) are used with the constraints, 
Equations (29) and (30), to estimate the two adjustable 
parameters A12 and Azl. The assumed standard deviations 
in the measured variables were: UP = 2.0 mm Hg, UT = 
0.2"C, 0; = 0.005, and uY = 0.01. Initial parameter esti- 
mates were taken as A12 = 1.0 and AP1 = 1.0. Converg- 
ence was achieved in three iterations, giving the results 
shown in Table 1. Table 2 gives the measured data, the 
estimates of the true values corresponding to the measure- 
ments, deviations of the measured values from model 
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predictions, and estimates of the standard deviations of 
the measured variables. The ratios of the standard devia- 
tions are consistent with those initially assumed, except 
where pressure measurements are involved (the variance 
in pressure residuals is appreciably less than the assumed 
value). If the assumed standard deviations had been based 
on analysis of replicated experiments, then this inconsis- 
tency could indicate either systematic error in the data 
or lack of fit of the model to the data. In this case, how- 
ever, they were a priori estimates, and the results of the 
parameter estimation procedure serve merely to provide 
better estimates of the standard deviations. The phase dia- 
gram corresponding to these parameters, together with 
the measured data, is shown in Figure 1. 

When two parameters are determined, it is useful to 
plot the confidence ellipses of the estimated parameters. 
These are obtained from the eigenvalues and eigenvectors 
of the variance-covariance matrix of the parameters (Bry- 
son and Ho, 1969). For this example, the eigenvalues are 
0.00030 and 0.00085, and the major axis of the ellipse is 
given by the eigenvector A21 = -0.481 A12. Confidence 
ellipses for this example are shown in Figure 2. The regions 
shown represent areas within which the parameter vaIues 
can be expected to lie at the confidence level associated 
with the ellipse (here, 0.87 and 0.99). The fact that large 
confidence regions are obtained for the parameters is a 
direct consequence of the random error in the data. For a 
correct model, the regions become vanishingly small as the 
random error becomes very small or as the number of ex- 
perimental measurements becomes very large. 

In the presence of significant random error, as in this 
example, the maximum likelihood approach can lead to 
considerably better parameter estimates than can less 
sophisticated methods. When Barker's method was used to 
estimate the van Laar parameters for the acetone/meth- 
anol system from this data, the values obtained were A12 = 
0.95991 and A21 = 0.63334 (compared with A12 = 
0.85749 and Azl = 0.68083 using the method proposed 
here). It should be recalled that Barker's method uses 
only the P-T-x data and assumes the T and x measure- 
ments are error free. The relative merit of the parameters 
obtained by the two methods can be evaluated on the 
basis of the average absolute difference in the calculated 
fugacities (over all measurements and both components) 
between the liquid and vapor phases. Using the parame- 
ters determined from Barker's method, this deviation in 
the fugacities is 12.2 mm Hg; for the parameters ob- 
tained with the maximum likelihood method described 
here, the avcrage deviation is 10.0 mm Hg. This repre- 
sents a significant improvement in the representation of 
the data, obtained as the result of use of all measured 
variables with appropriate consideration of their esti- 
mated errors. 
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N OTAT I0 N 

A12, Azl = van Laar parameters 

f ,  g = vectors of constraint equations 
fx, fe, gx, ge = Jacobian partial derivative matrices of f 

and g with respect to X and 0 

D = h + fxTyfx + gxTGfx 
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f ro  
gE = excess Gibbs energy 
I = identitymatrix 
K 
L 
L: = likelihood function 
M 
N = number of experiments 
?ti 
P = pressure 

= reference fugacity for species i 

= number of independent variables 
= number of parameters to be estimated 

= total number of variables 

= number of moles of component i 

Q 
R = fxTyf + gxT8g  

= XXm f fxTyYm + g x T 8 Z m  

S = criterion function for minimization 
s = estimated standard deviation 
T = temperature 
T = feTyf + g8-f 
U = feTyAYm + geT8AZm 
ui 
u( 
W X ,  WY, wz = statistical weights proportional to random 

AX, A Y ,  AZ, A8 = changes of deviation in X, Y, Z, B 
= liquid mole fraction of species i 

x = vector of variables for experiment i 
X = vector of all variables or independent variables 
yi = vapor mole fraction of species i 
Y, Z = vectors of dependent variables 

Greek Letten 
pi = variance-covariance matrix of the measured vari- 

ables for experiment i 
yi = activity coefficient of species i corrected to sys- 

tem pressure 
yi0 = activity coefficient of species at reference pressure 
8 = vector of model parameters 
X, y,  8 = diagonal matrices whose elements are recipro- 

cals of the variances in variables X, Y, and Z, re- 
spectively 

u = standard deviation 

X = variance-covariance matrix of parameters 
@$ = joint probability density function for experiment i 
+i = fugacity coefficient of species i 

Superscripts 
m = experimentally measured value 
r = iteration number 

= pure component molar volume of species i 
= partial molar volume of species i 

- 

error in variables X, Y, Z 

7 = fxh-‘fxTy 
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APPENDIX A. DERIVATION OF EQUATIONS 
(15) AND (16) 

The intermediate steps in the derivation of Equations (14) 
and (15) are given below. Starting with Equation (12), we 
add and subtract yXr, giving 

LAX + LAXm + fxTy ( Ym + fxAX + f e A B  1 

where 
-I- gxT8(AZm + g x A X  + geAB)  = 0 (Al l  

A X  = X++1 - X+ (A21 

Ae = e++l-  e+ (-43) 
AXm = X+ - Xm (444) 
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A Y m  = fr - Ym 

AZm = g' - Zm 
(A51 

(A6) 
We then expand and combine terms containing AX, giving 

( X + fxTyfx + gx-gx )Ax = 
- CXAXm + fxTyAYm + gxTGAzm 

+ (fxTyfe + gx%ge)AOl (A71 

(A81 

(A101 

( A l l )  

When we let 
D = X + fxTyfx + gxT8gx 

R = fxTyfe + gxT8ge 

A X  = - D-1 [Q + RAel 
This is identical to Equation (15) and gives A X  as a func- 
tion of A6 and other known quantities. If we substitute this 
expression for A X  into Equation (13), we get 
f e T y A Y m  - feTyfxD-l(Q + R A e )  + feTyfeA6 

Q = LAXm + fxTyAYm + gxT8AZm (A9) 

Equation (A7) can be solved for AX = Xr+1 - Xr: 

+ geT8AZm - geT8igxD-' ( Q  + RAQ ) + geTygeAB = 0 

( A12 1 
Expanding and combining terms containing A8, we get 

[feTyfe + geTGge 

- (feTyfx + g e % g ~ ) D - ~ R l A e  = 
- [feTyAYm + ge%AZm - ( feTyfx + geT8gx)D-lQ1 

( A13 1 

(A141 

(A151 

We now define 
U = feTyAYm + geT8AZm 

T = feTyfe + geTGge 
and note that 

(feTyfx + geT8gx) = (fxTyfe + gxT8ge) E RT (A16) 
so that Equation (A13) can be written in the following form: 

(T - RTD-lR) AB = - (U - RTD-'Q) (A17) 
The final form, giving A0 as a function of known quantities, is 

AQ = - (T - RTD-'R)-'( U - R"'D-'Q) (A18) 
This equation is Equation ( 14). 

APPENDIX B. CASE OF ONE CONSTRAINT 

The one constraint case is an important simplification of the 
algorithm discussed in the text. It is, as might be expected, 
computationally faster than the two Constraint case. Tne sav- 
ings in time is derived from not having to invert a N K  x N K  
matrix. 

If we have only one constraint Y = f (X,  e) ,  then the terms 
associated with the constraint Z = g( X, e )  are zero. Equation 
(14) can then be written as 

A8 = [feTyfe - feTyfx ( X -I- fxTyfx -l fxTyfel -l 

[feTyAYm - f e T y f x B f x )  

(LAXm + fxTyAYm)l (B1) 
The first step in simplifying this equation is to note that the 
underlined quantities can be simplified in the following steps: 

fx(X + fxTyfx)-1 
= fx[X(I + x-1 fxTyfx)]-' 
= f x ( I +  X-'fxTyfx)-'h-l 

The reason for making this transformation is that (I + 
fxX-'fxTy) is an N x N diagonaI matrix whose inverse is 
simply the reciprocal of the diagonal elements. ( x  + fx'J'yfx), 
however, is an N K  x NK block-diagonal matrix which is more 
difficult to invert. 

z = fxX-'fxTy (B3) 
make the desired substitution of expression (B2) into (Bl), 
and get 

A0 = [feTyfe - feTy (1 + 7 )  - l  ~ f e ]  -1 

We let 

[feTyAYm - feTy(I + ~ 1 - l  fxX-'(LAXm + fxTyAYm)] 

( B4 
This further simplifies to 

A0 = [feTy{I - (I + % ) - 1 ~ } f e ] - l  

[feTy{AY"' - (I  + fxAXm - (I 3- TI-' -AYm}l 

( B5 
Finally, noting that (I - (I + z)-1 0) = (I + z)-1, we get 

A6 = [feTy(I + %)-l fe1-l 
feTy(I + 0)-1 [ A Y m  - &AXm] (BS) 

Similar simplifications can be made in solving for the new 
true values of the variables Xr+l. For one constraint, Equation 
(15 )  becomes 

X r + l -  xr = - (1 + fxTyfx)--l 

( X A X m  + fxTyAYm + fxTyfeAb) (B7) 
Here, it is more convenient to solve for Xr+l - Xm. We add 
the quantity AXm = Xr - Xm to both sides of Equation (B7) 
giving 

p + 1 -  Xm = - (1 + fxTyfx)-1 

[XAXm + fxTy ( A Y m  + fed0 ) + A X m  (B8) 
When AX" is brought inside the parentheses, we get 

X r + l -  x m  = - ( X  + fxTyfx)-' 

h A X m  - ( X  + fxTyfx)AXm + fxTy(AYm + feAe) 

(B9) 
which simplifies to 
X r + l  -Xm = 
- (1 + fxTyfx)-l fxTy(AYm - fxAX + f e d b )  (B10) 

We further note that the underlined quantity can be trans- 
formed as follows: 

( x + fxTyfx) -1fxT 
= ( X  + fxTyfx 1 -1fxTy (I  + fxX-1 fxTy) 

= ( h  + fxTyfx)-l(X + fxTyfx) 

= ;h-'fxTy(1+ $1-1 (B11) 

( I  + fxk-1 fxTy) -1 

x-' fxTy(I+ fXx-lfXTy)--l 

This transformation allows Equation (B10) in the final form: 
Xr+ l  - Xm = 

- X-'fxTy(I + z)-l(AYm - fxAX + feA0) (B12) 
Equations (B6) and (B12) can be used to determine the 
mdxlmum likellhood estimates of the parameters for the one con- 
straint cahe in the same way that bquahons (14) and (15) 
are used tor the two conatraint case. 
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